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Abstract
In this paper, we consider Coupled Yang-Mills fields on vector bundle E over compact Rie-
mannian manifold M . Under appropriate conditions on the curvature and the Higgs field, two





Let M be a n-dimensional manifold with a Riemannian metric g, and E a vector bundle over
M with a compact Lie group G as its structure group. A connection A of E can be given by
specifying a covariant derivative
DA : C
∞(E) → C∞(E ⊗ Ω1M).
In local trivialization of E, DA is of the form d + α for some Lie(G)-valued 1-form α. The
curvature of A is a Lie(G)-valued 2-form FA, which is equal to D
2
A. As usual, it measures
deviation from the symmetry of second derivatives. Suppose that the bundle E has a Riemannian
structure. All connections here are required to be compatible with the Riemannian structure.
The Determinant of the volume bundle over M is a line bundle of conformal weight n. We
denote by L, the determinant bundle raised to the 1
n
power. Sections of this bundle are constant
in a fixed coordinate system but have weight 1 under scale transformations. Let the Higgs
field Φ be a section of E ⊗ L, and the mass m be a section of L. With these definitions, the




[|FA|2 + |∇AΦ|2 + λ
4
(|Φ|2 −m2)2] (1.1)
where λ is a constant. The Yang-Mills-Higgs equations are
{
D∗AFA = −DAΦ⊗ Φ∗,
D∗ADAΦ = −λ2 (|Φ|2 −m2)Φ
(1.2)
which are the Euler-Lagrange equations of the Yang-Mills-Higgs functional and generalize the
Yang-Mills equations. One pair (A,Φ) satisfying the Yang-Mills-Higgs equations will be called
by one Coupled Yang-Mills fields.
Gauge transformation σ is a section of Aut(E) which acts on connections, curvature forms,
and Higgs fields according to the transformations:
σ∗(A) = σ−1dσ + σ−1Aσ,
Fσ∗A = σ
−1FAσ,
σ∗(Φ) = σ ◦ Φ.
(1.3)
The pair (A,Φ) is gauge equivalent to (A,Φ) if there is a gauge transformation σ such that
A = σ∗(A) and Φ = σ∗(Φ). It is obvious that the Yang-Mills-Higgs equations are invariant
under gauge transformations.
In analytical aspect of the Yang-Mills theory, two most fundamental results are the K.
Uhlenbeck’s compactness theorem and removable singularity theorem ([Uh1],[Uh2]). Later, the
removable singularity theorem of K.Uhlenbeck was extended to coupled Yang-Mills fields by
T.H.Parker, L.M.Sibner and R.J.Sibner, P.D.Smith, T.H.Otway ([Pa1], [SS], [Si], [Sm], [OS],
[O]).
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The modulo space of Yang-Mills connections (or coupled Yang-Mills fields) is the quotient
of the set of solutions of the Yang-Mills equation (Yang-Mills-Higgs equations with fixed λ and
m) by the gauge group, which consists of all gauge transformations. It is well-known that this
modulo space may not be compact. Given any sequence of Yang-Mills connections {Ai} with a
uniformly bounded L2-norm of curvature, Uhlenbeck ([Uh1]) (also see [Na], [Ti]) proved that by
taking a subsequence if necessary, Ai converges to, modulo gauge transformations, a Yang-Mills
connection A in the smooth topology outside a closed subset Sb({Ai}) of Hausdorff codimension
at least 4. If M is a 4-dimensional compact manifold, the blow-up locus consists of finitely many
points, and the limiting connection A can be extended to be a Yang-Mills connection on the
whole manifold with smaller L2-norm of curvature ([Uh1], [Uh2]). With M of higher dimension,
G.Tian [Ti] studied the geometric structures of the blow-up loci of Yang-Mills connections. He
also proved a removable singularity theorem for stationary Yang-Mills connections. Particularly,
this implies that the limiting connection A extends to be become a smooth connection on M \S
for a closed subset S with vanishing (n− 4)-dimensional Hausdorff measure Hn−4(S) = 0.
In this paper we consider the compactness property of sequences of coupled Yang-Mills fields
(Ai,Φi) with a uniformly bounded Yang-Mills-Higgs energy Y MH(Ai, φi). We first derive a
monotonicity formula of Coupled Yang-Mills fields. Using R.Schoen and K.Uhlenbeck’s argu-
ment in [Sc] for harmonic maps (the method has been extended to pure Yang-Mills fields by
H.Nakajima [Na]), we can deduce a  estimates for Coupled Yang-Mills fields. Then, discussing
like that in [Ti] (for pure Yang-Mills fields case), we can obtain the following compactness
theorem.
Theorem 1.1 Let (Ai,Φi) be a sequence of smooth Coupled Yang-Mills fields over M with
fixed λ > 0 and m; then there is a subsequence (Ai,Φi) and gauge transformations σk, such
that σ∗k(Ak,Φk) converges to a Coupled Yang-Mills fields (A,Φ) outside a closed subset S of
Hausdorff codimension at least 4.
In the second part of this paper, we want to deduce another compactness theorem under
different assumption. Noting that the Yang-Mills-Higgs energy is not conformally (”scale”)
invariant unless the dimension of underground Riemannian manifolds are four. In higher di-
mension, only L
n
4 norm of the Yang-Mills-Higgs energy density is conformally invariant. Under
a uniform bound on L
n
4 norm of the Yang-Mills-Higgs energy density, we deduce the following
theorem.
Theorem 1.2 Let E be a vector bundle over compact Riemannian manifold M of dimension
n > 4, (Ai,Φi) be a sequence of smooth Coupled Yang-Mills fields on E with fixed λ > 0 and m.
Assume that ∫
M
[|FAi |2 + |∇AiΦi|2 +
λ
4
(|Φi|2 −m2)2]n4 ≤ C0, (1.4)
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where C0 is a positive constant, then there is a subsequence (Aα,Φα) converge to, modulo gauge
transformations, a smooth Coupled Yang-Mills field (A,Φ) in C∞-topology on M .
The ideal of the proof of theorem 1.2 is similar as that in [Zh] for pure Yang-Mills connection
case. First, We will use the local curvature estimate and the conformally invariant of L
n
4 to
deduce that there exists a subsequence (Ak,Φk) (modulo gauge transformations) converge to a
Coupled Yang-Mills connection (A∞,Φ∞) in smooth topology outside a blow up set S˜ which is
at most finite points. Secondly, using the removable singularity theorem due to L.M.Sibner[Si],
we know that the limiting field can be extends to a smooth one on M . Furthermore, discussing
as that in [Ti], we will construct non-trivial bubbling fields on Rm as (Ak,Φk) approach to
(A∞,Φ∞) if the blow up set is non-empty. On the other hand, when n > 4, we can prove
an non-existence theorem for coupled Yang-Mills fields which will show that bubbling fields, in
fact, are not exist, then the blow up set S˜ must be empty. So the subsequence (Ak,Φk) (modulo
gauge transformations) converge to a smooth Coupled Yang-Mills field in C∞ topology on M .
2 Preliminary Results
Let pi : E → M is a vector bundle over a Riemannian manifold (M, g) with a compact
Lie group G as its structure group. A connection A on E is defined by specifying a covariant
derivative
D = DA : C
∞(E) → C∞(E ⊗ Ω1M).
where C∞(E) denotes the space of C∞ sections of the bundle E. In a local trivialization (Uα, ϕα)
of E, the covariant derivative takes the form
D = d + Aα, Aα : Uα → T ∗Uα ⊗ g
Denote the Lie algebra of G by g and the adjoint and automorphism bundles by AdE and AutE.
Assume also E has a metric compatible with the action of G and an inclusion G ⊂ SO(r). We
use the metric on G induced by the trace inner product metric on SO(r).
The gauge group is G = C∞(AutE) which consists of all smooth sections of the bundle
AutE. Any σ in G is called a gauge transformation. Two smooth connections A1 and A2 of E
are equivalent if there is a gauge transformation σ such that A2 = σ(A1), where σ(A) be the
connection with Dσ(A) = σ ·DA · σ−1. One can easily show σ(A) = σ ·A · σ−1 − dσ · σ−1.
For any connection A of E, its curvature FA measures the extent to which covariant derivative
fail to commute. Then FA = D
2
A is a section of ∧2T ∗M ⊗ AdE. In each local trivialization
(Uα, ϕα), we have
FA = dAα + Aα ∧Aα. (2.1)
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The Determinant of the volume bundle over M is a line bundle of conformal weight n. We
denote by L, the determinant bundle raised to the 1
n
power. Sections of this bundle are constant
in a fixed coordinate system but have weight 1 under scale transformations. The Higgs field
Φ is a section of E ⊗ L. The mass m is defined to be a section of L, and hence, constant
in a fixed coordinate system, but having weight 1 under scale changes. (For a careful and
rigorous discussion of conformal weights, see Parker [Pa1], [Pa2]). From these, we construct the





[|FA|2 + |∇AΦ|2 + λ
4
(|Φ|2 −m2)2]dvg. (2.2)
where λ is a constant (in this paper, we only consider the case λ > 0), and the norms are taken
with respect to Riemannian metric g and fixed invariant inner products on the bundles AdE, L
and E.
Coupled Yang-Mills fields (A,Φ) are the critical points for the above Yang-Mills-Higgs func-
tional. Equivalently, the pairs (A,Φ) satisfy the following equations.{
D∗AFA = −DAΦ⊗ Φ∗,
D∗ADAΦ = −λ2 (|Φ|2 −m2)Φ
(2.3)
where Φ∗ is the adjoint of Φ taken with respect to the inner product of E, and D∗A denotes
the adjoint operator of DA with respect the Killing form of g and the Riemannian metric g on
M . The above equations also be called by Yang-Mills-Higgs equations. It is obvious that the
Yang-Mills-Higgs energy is invariant by the gauge transformation. Then, if (A,Φ) is a Coupled
Yang-Mills field, so is σ∗(A,Φ) for any gauge transformation σ. In other words, the Yang-Mills-
Higgs equations are invariant under the action of the gauge group. From the conformal weights
of Higgs fields, one can easily show that the Yang-Mills-Higgs equations are also invariant under
re-scaling.
Next, we want to deduce a monotonicity formula of the Yang-Mills-Higgs energy, the dis-
cussion is similar as that in [P] (also [Ti]) for pure Yang-Mills connections. Let {ft}|t|<∞ be a
one-parameter family of diffeomorphisms of M , and A0 be a fixed smooth connection of E and
D be its associated covariant derivative. Then for any connection A, we can define a family
of connections At = f∗t (A) as follows: Denote by τ
0
t the parallel transport of E associate to








for any X ∈ TM , v ∈ Γ(E); and define Φt = f∗t Φ(x) = (τ 0t )−1(Φ(ft(x))).
Let X be the vector field ∂ft
∂t
|t=0, by direct calculation, we have the following equality.
d
dt
Y MH(At,Φt)|t=0 = −
∫
M (|FA|2divX − 4
∑
< FA(∇eiX, ej), FA(ei, ej) >)dvg






Fixed any p ∈ M , let rp be a positive number with properties: there are normal coordinates
x1, ..., xn in the geodesic ball Bp(Rp) of (M, g), such that p = (0, ..., 0) and for some positive
constant c(p),
|gij − δij | ≤ c(p)(|x1|2 + ... + |xn|2),
|dgij | ≤ c(p)
√
|x1|2 + ... + |xn|2,





). The constant rp and c(p) can be chosen depending only on the injective
radius at p and the curvature of (M, g). If M is the Euclidean space, we can take rp = ∞ and
c(p) = 0.
Let r(x) be the distance function from p, and φ be a positive function on the unit sphere








where ξ is smooth function with compact support in Bp(rp). Let {e1, ..., en} be any orthonormal





















where |bij − δij | = O(1)c(p)r2, and i ≥ 2. We will always denote by O(1) a quantity bounded
by a constant depending only on n.
Let (A,Φ) be a Coupled Yang-Mills field, applying the above equalities to the first variational
formula (2.4), we have∫
M |FA|2(ξ′r + (n− 4)ξ)φ +
∫
M |∇AΦ|2(ξ′r + (n− 2)ξ)φ + λ4
∫
M (|Φ|2 −m2)2(ξ′r + nξ)φ
= −∑ ∫M ξφ(bij − δij) < ej , ei > (|FA|2 + |∇AΦ|2 + λ4 (|Φ|2 −m2)2)
+4
∑ ∫
M ξφ(bij − δij) < FA(ej , ek), FA(ei, ek) >
+2
∑ ∫
M ξφ(bij − δij) < ∇ejΦ,∇eiΦ >
+4
∫









For any τ small enough, we choose ξ(r) = ξτ (r) = η(
r
τ
), where η is smooth and satisfies:




(ξτ (r)) = −rξ′τ (r). (2.6)



































φ(|FA|2 + |∇Φ|2 + λ4 (|Φ|2 −m2)2)dvg
−σ4−neaσ2 ∫Bp(σ) φ(|FA|2 + |∇Φ|2 + λ4 (|Φ|2 −m2)2)dvg
























Taking φ ≡ 1, we obtain the following monotonicity formula for Coupled Yang-Mills fields.
Lemma 2.1(A monotonicity formula): There exist constants rP , a depend only on M ,




(|FA|2 + |∇Φ|2 + λ4 (|Φ|2 −m2)2)dvg
−σ4−neaσ2 ∫Bp(σ)(|FA|2 + |∇Φ|2 + λ4 (|Φ|2 −m2)2)dvg
















Moreover, if M = Rm and g is flat, then the equality holds in (2.9) for ρ ∈ (0,∞) and a = 0.
In the following, we give a -estimate for Coupled Yang-Mills fields. This estimate was first
derived by K.Uhlenbeck [Uh1] (also see [Na], [Ti]) for the curvature of Yang-Mills connections.
For convenience, we will denote
h = h(A,Φ) =
√
|FA|2 + |∇AΦ|2 + λ
4
(|Φ|2 −m2)2. (2.10)
Theorem 2.2: Let (A,Φ) be a coupled Yang-Mills field on a G-bundle E over M . Then
there are  and constant C0, which depend only on manifold M , such that for any p ∈ M and














Proof. Using Weitzenbock formula, and Yang-Mills-Higgs equation, we have
4|FA|2 = 2|∇AFA|2 + 2 < ∇2AFA, FA >
= 2|∇AFA|2 − 2 < (DAD∗AFA + RM ]FA + FA]FA), FA >
≥ 2|∇AFA|2 − 2|FA|2(|RM |+ |FM |)− 2|FA|(|DAΦ|2 + |Φ|2|FA|),
(2.13)
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4|DAΦ|2 = −2 < (D∗ADA + DAD∗A)DAΦ + RM ]DAΦ + FA]DAΦ, DAΦ >
+2|∇(DAΦ)|2
= 2|∇DAΦ|2 − 2 < RM ]DAΦ + FA]DA, DAΦ > −2 < (D∗AFA)Φ, DAΦ >
+ < ∗(∗FA ∧DAΦ), DAΦ > +λ(|Φ|2 −m2)|DAΦ|2 + 2λ| < DAΦ,Φ > |2
≥ 2|∇DAΦ|2 − 2(|RM |2 + 4|FA|+ 2|Φ|2)|∇AΦ|2
−λ||Φ|2 −m2||DAΦ|2 + 2λ| < DAΦ,Φ > |2,
(2.14)
4(|Φ|2 −m2)2 = 2|∇(|Φ|2 −m2)|2 + 4(|φ|2 −m2)|DAΦ|2
−4(|Φ|2 −m2) < D∗ADAΦ + FA]Φ,Φ >
≥ 2|∇(|Φ|2 −m2)|2 + 2λ(|Φ|2 −m2)2|Φ|2
−4||Φ|2 −m2||DAΦ|2 − 4||Φ|2 −m2||FA||Φ|2,
(2.15)






AFA)Φ− ∗(∗FA ∧DAΦ). (2.16)
From above inequalities, we have
4h2 = 2|∇h|2 + 2h4h
≥ 2|∇FA|2 + 2|∇A(DAΦ)|2 + λ2 |∇(|Φ|2 −m2)|2
−(4m2 + 8|RM |)h2 − (14 + 4λ− 12 + 2λ 12 )h3.
(2.17)
On the other hand, it is easy to check that










f(r) = (ρ− 2r)2 sup
x∈Bp(r)
h(x), (2.20)
r ∈ [0, 12ρ]. Then f is continuous in [0, 12ρ] with f( 12ρ), so that f attains its maximum at a
certain r0 in [0,
1
2ρ).
First we claim that f(r0) ≤ 64 if  is sufficiently small. Assume that f(r0) > 64. Put
b = supx∈Bp(r0) h = h(x0), and taking σ =
1
4(ρ− 2r0), then we get
supBx0(σ) h ≤ supx∈Bp(r0+σ) h(x)




b ≥ 2. Define a metric g′ = bg, and denote the Yang-Mills-Higgs energy density with




hg′ ≤ 4, (2.22)
where B2(x0, g
′) denotes the geodesic ball of g′ with radius 2 and center at x0.
Since (A,Φ) is a Coupled Yang-Mills field, and the Yang-Mills-Higgs equations are invariant
under scaling, from (2.19), we have
4g′hg′ ≥ −C1hg′ − C2h2g′ , (2.23)
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where C1, C2 are constants depending only on rp, m, λ, and the sectional curvature bound of
(M, g). Using (2.22), we have
4g′hg′ ≥ −(C1 + 4C2)hg′ . (2.24)
Then, by using either the mean-value theorem or the standard Moser iteration, we have






where C3 is some uniform constant.







































ρ2h ≤ 4f(r0) ≤ 256.
Scaling the metric again, let g˜ = ρ−2g, then hg˜ = ρ
2hg. It follows from the above inequality and
(2.24) with g′ replaced by g that for some uniform constant C4,
4g˜hg˜ ≥ −C4hg˜. (2.28)
Then (2.12) follows from (2.28) and a standard Moser iteration.
2
Using Ho¨lder inequality, we have the following corollary.
Corollary 2.3: Let (A,Φ) be a Coupled Yang-Mills field on a G-bundle E over M . Then
there are  and constant C5, which depend only on manifold M , such that for any p ∈ M and

















Using the monotonicity formula (2.9), one can easily prove (theorem 3.3 [Zh]) the following
corollary.




2 dx < ∞,
where g0 is a flat metric, then h(A,Φ) ≡ 0.
In order to compactify the modulo space of Coupled Yang-Mills fields, we need to use singular
Coupled Yang-Mills fields of a certain type. An admissible Coupled Yang-Mills field is a smooth
field (A,Φ) defined outside a closed subset S in M , such that (1) Hn−4(S ∩ K) < ∞ for any
compact subset K ⊂ M , where Hn−4(·) stands for the (n-4)-dimensional Hausdorff measure; (2)
(A,Φ) satisfies the Yang-Mills-Higgs equations (2.3) M \S; (3) (A,Φ) satisfies ∫M\S h2 dVg < ∞.
Clearly, (A,Φ) is smooth on M if S = ∅. We will call S the singular set of coupled field (A,Φ).
Furthermore, an admissible Coupled Yang-Mills field (A,Φ) is called stationary if (A,Φ)
satisfies
0 = − ∫M (|FA|2divX − 4 ∑ < FA(∇eiX, ej), FA(ei, ej) >)dvg





for any compactly supported vector field X. Where {ei} is any orthonormal basis of M . If
(A,Φ) is a smooth Coupled Yang-Mills field, this follows from the first variation formula (2.4).
Proposition 2.5: Let n = dimM > 4 and S be a discrete set in M . If (A,Φ) is a Coupled
Yang-Mills field on M \ S and satisfies ∫K hm2 dVg < ∞ for each compact set K ⊂ M ; then
(A,Φ) is stationary and the monotonicity formula (2.9) still hold on M .
Proof: Denote
Ψ(X) = − ∫M (|FA|2divX − 4 ∑ < FA(∇eiX, ej), FA(ei, ej) >)dvg
− ∫M (|∇AΦ|2divX −∑ 2 < ∇∇eiXΦ,∇eiΦ >)dvg
−λ4
∫
M (|Φ|2 −m2)2divXdvg ,
(2.32)
where X is a variation vector field with compact support set and {ei} is an orthonormal frame
of TM .
We may assume that S consists of a single point p. For r > 0 we take a cut-off function
ηr ∈ C∞0 (M) satisfying: 0 ≤ ηr ≤ 1, |∇ηr| ≤ 2r in M and ηr(x) = 1, if x ∈ Bp(r); ηr(x) = 0, if
x ∈ M \Bp(2r). Since (A,Φ) is a Coupled Yang-Mills field on M \Bp(r) for any r > 0, we have
Ψ(X − ηrX) = 0 for any r > 0. Thus, we have
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≤ C(∫Bp(2r) h2|∇X| dVg + 1r ∫Bh2r) h2|X| dVg)







By conditions the right-hand side tends to 0 as r → 0. Hence, we get Ψ(X) = 0 for any X. This
shows that (A,Φ) is stationary on M .
2
3 Proof of theorem 1.1
Suppose that (Ai,Φi) be a sequence Coupled Yang-Mills fields on bundle E over Riemannian
manifold (M, g). Let  be sufficiently small and a be as in theorem 2.1. We define a closed subset
for each i and r > 0 sufficiently small:
Si,r = {x ∈ M |r4−near2
∫
Bx(r)
h2dvg ≥ }. (3.1)
It follows from the monotonicity formula (2.9) that Si,r ⊂ Si,r′ for any r ≤ r′. By the standard
diagonal process, we can choose a subsequence which also be denoted by {i} such that for each
k, the Si,2−k converge to a closed subset S2−k . It is obvious that S2−k ⊂ S2−l for k ≥ l. Then,
put
S = ∩kS2k . (3.2)
Discussing like in [Ti] (Proposition 3.1.2 ), one can prove that S is of Hausdorff codimension at
least 4.
Assume that x ∈ M \ S, then by the definition of S, there exist r less than dist(x, S) and




h2(Ai,Φi)dvg < . (3.2)
Since the left-hand side of (3.2) is scaling invariant, we may rescale to assume that r = 4.
In what follows we shall only consider those i ≥ N when we restrict our attention on the
geodesic ball Bx(r). The point wise a priori estimate for Coupled Yang-Mills fields (theorem
2.2) and (3.2) imply that there exists a uniform constant C5 > 0 such that
sup
Bx(1)
h2(Ai,Φi) ≤ C5, (3.3)
if we assume that  is less than that in theorem 2.2. Thus we have
supBx(1) |FAi |2 + |∇AiΦi|2 ≤ C5,
supBx(1) |Φi|2 ≤ C6
(3.4)
where C6 is a uniform constant.
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Fix a local trivialization for E on Bx(1). If  is sufficiently small, by the fist inequality in
(3.4), we may apply the result of Uhlenbeck ([Uh1] theorem 2.7) to find Coulomb gauges for
Ai on Bx(1). In other words, there exist gauge transformations σi such that the connections
A′i = σi(Ai) satisfy
d∗A′i = 0, onBx(1), (3.5)
d∗ψA
′
i,ψ = 0, on∂Bx(1), (3.6)
‖A′i‖L∞(Bx(1)) ≤ C7‖FAi‖L∞(Bx(1)) ≤ C8
√
, (3.7)
where Ai,ψ denote the restriction of Ai on ∂Bx(1), and C7, C8 are uniform constants.
Let Φ′i = σi ·Φi. The equations (2.3) and (3.4) are gauge invariant and hence they hold if we









over Bx(1). By the standard elliptic theory, we conclude that the bounds on derivatives of
(A′i,Φ
′
i) are uniform in i, hence by passing to a subsequence, σ
∗
i (Ai,Φi) converges to a Coupled
Yang-Mills field (A′,Φ′) in smooth topology on Bx(
1
2 ).
We may cover the set M \ S by a countable union of balls Bxα(rα) such that (3.2) apply
with r = 8rα and x = xα. Applying the above analysis to each ball Bxα(8rα), by passing to a
subsequence, there exist smooth gauge transformations σi,α, such that the sequence σ
∗
i,α(Ai,Φi)
converges in smooth topology to a Coupled Yang-Mills field (A′α,Φ
′
α) on Bxα(rα). We can
now use a standard diagonal process of gluing gauges ([DK], Theorem 4.4.8), again passing to a
subsequence, to obtain smooth gauge transformations σi on M \S, such that σ∗i (Ai,Φi) converge
to a field (A,Φ) in smooth topology on compact subsets of M \ S. So, we have proved theorem
1.1.
4 Proof of theorem 1.2
Proposition 4.1 ([Si]): Let (A,Φ) be a stationary Coupled Yang-Mills field on M \S, where




2 dVg < ∞ for each compact set K ⊂ M , where n > 4 is the
dimension of M , then there exist a gauge transformation σ such that σ∗(A,Φ) can be extended
to be a smooth Coupled Yang-Mills field on M .
Theorem 4.2: Let {(Ai,Φi)} be a sequence of smooth Coupled Yang-Mills fields on E with∫
M h
n
2 dvg ≤ Λ; then there exist a subsequence {α} ⊂ {i} and a (possibly empty) finite set
S˜ = {pk}lk=1 of M satisfying the following:
(1), the subsequence (Aα,Φα) converge to a smooth Yang-Mills connection (A,Φ) in the
C∞-topology on M \ Σ.
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(2), for each k = 1, . . . , l, there exists constants θk > 0 such that
h(Aα,Φα)
n





θk · δpk (4.1)
weakly in the sense of Radon measures on M . Here δpk denotes dirac measure.
Proof: Let  be as in the proof of theorem 1.1. We define a closed subset for each i and
r > 0;





2 dVg ≥ }. (4.2)
It is obvious that Ei,r ⊂ Ei,R for any r ≤ R. By the standard diagonal process, we can choose a
subsequence {ij} of {i} such that for each k, the Eij ,2−k converge to a closed subset E2−k . Then
E2−k ⊂ E2−l for k ≥ l.
Put S = ∩kE2−k . We first claim that S is at most a finite set. We fixed an arbitrary compact
set K ⊂ M . For any δ > 0 sufficiently small, let {Bxb(4δ) be any finite covering of S ∩K such
that xb ∈ S ∩K; Bxb(2δ) ∩Bxc(2δ) = ∅ for b 6= c. Take k big enough such that 2−k < δ. Then
for j sufficiently large, there are yb ∈ Eij ,2−k such that d(xb, yb) < δ. Then {Byb(5δ)} is a finite




2 dVg ≥ . (4.3)









2 dVg ≤ Λ

, (4.4)
This shows H0(S ∩K) ≤ Λ

where H0 denotes the 0-dimensional Hausdorff measure on M . Since
the 0-dimensional Hausdorff measure coincides with the counting measure, S ∩ K is at most
finite. So S is at most a finite points set.
On the other hand, using corollary 2.3 and discussing like that in the proof of theorem 1.1,
one can prove that there exists a subsequence {i˜} ⊂ {i}and gauge transformations σ(i˜), such
that σ(˜i)∗(Ai˜,Φi˜) converge to a Coupled Yang-Mills field (A,Φ) in C
∞-topology on any compact











2 dVg ≤ Λ. (4.5)
By Proposition 4.1, there exists a gauge transformation σ such that σ∗(A,Φ) extends to be a











2 dVg ≥ }. (4.6)
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Hence, x0 ∈ M \ S˜. This shows that S˜ ⊂ S.




2 dVg < 






h(i′) ≤ C9 · r20 · 
2
m
for some uniform constant C9. This implies that there exists some subsequence of {Ai′ ,Φi′}
(modulo gauge transformations ) converge in Bx0(
1
2r0) in the C
∞ topology. Then, there exists a
subsequence {(Aα,Φα)} and a finite set S˜ such that {(Aα,Φα)}(modulo gauge transformations)
converges to a Coupled Yang-Mills field (A,Φ) in the C∞ topology on M \ S˜.
Consider the Radon measure µα = h(α)
n
2 dVg. By taking a subsequence if necessary, we may
assume that µα → µ weakly on M as Radon measures. Let us write (by Fatou’s lemma)
µ = h(A,Φ)
n
2 dVg + ν (4.7)
for some nonnegative Radon measure ν on M . Since {(Aα,Φα} converges to (A,Φ) in the C∞
topology on M \ S˜, the support of measure ν is contained in the discrete set S˜. Thus, we have
ν =
∑l
k=1 θkδpk for some θk ≥ 0 where we set S˜ = {pk}lk=1.
We show each θk is positive. Fix any pk. For arbitrarily small r > 0, we take a cut-off
function ηr ∈ C∞0 (M) satisfying 0 ≤ ηr ≤ 1 in M and ηr(x) = 1 if x ∈ Bpk(r); ηr(x) = 0 if
x ∈ M \ Bpk(2r). By definition of S˜ we have



















Letting r → 0, we obtain θj ≥  > 0. This completes the proof.
2
In the following theorem, we will discuss the bubbling phenomenon of Coupled Yang-Mills
fields.
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Theorem 4.3: Let {(Aα,Φα)},S˜ be as in Theorem 4.2; and p ∈ S˜ . Then there are linear
transformations τα : TpM → TpM such that a subsequence of τ ∗α exp∗p(Aα,Φα) converges to
a smooth Coupled Yang-Mills field (B,Ψ) on a trivial bundle over (TpM, gp); and satisfying
h(B,Ψ) 6= 0 and ∫TpM h(B,Ψ)n2 dvgp ≤ θp; where θp is determined in Theorem 4.2.
Proof: We take a normal coordinate system {x1, ..., xn} on the geodesic ball Bp(2R) centered
at p, and assume that S˜∩Bp(2R) = {p}. Let B(x, r) be the open ball in the normal coordinates








for any 0 ≤ t < R. Each function Yα is continuous and non-decreasing in t, and Yα(0) = 0. On






2 dVg ≥ 3
4
(4.10)











Since the p is the a unique point in S˜ ∩Bp(2R), we obtain rα → 0, xα → 0, as α →∞. Defining
linear transformations τα(x) = xα + rα · x on TpM . Let U(α) = B(−xαrα , 2Rrα ) ⊂ TPM . It is
easy to see that B(2R) = σα(U(α)). Since xα lies in B(
R
2 ) for sufficiently large α, we have
B( R
rα
) ⊂ U(α), which leads to U(α) → TPM as α →∞.








p(Φα). We can easily see (Bα,Ψα) are Coupled Yang-







that the based manifolds (TpM, gα) converge to (TpM, gp) ∼= Rn as α → ∞. By the definition



























Since gα → gp in C∞ topology as α →∞, and the constants  and C5 in Corollary 2.3 depend
only on λ and the bound of sectional curvature of metrics. If we assume that the  in (4.13) is





h(Bα,Ψα) ≤ C10 2n
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for any z ∈ K, here C10 is a uniform constant and K is an arbitrary compact set in TpM . This
implies that there exists a subsequence (Bβ ,Ψβ) (modulo gauge transformations ) converge to





























2 dx ≤ θp. (4.15)
This completes the proof.
2
If the blow up set S˜, is not empty, from theorem 4.3, we know that there exists a bubbling




2 dx ≤ ∞.
But, this is contradictory with Corollary 2.4. So, the blow up set S˜ which we constructed in
Theorem 4.2 must be empty. Then, the subsequence (Aα,Φα) (modulo gauge transformations)
converges to a smooth Coupled Yang-Mills field (A,Φ) A in the C∞-topology on M . This
completes the proof of Theorem 1.2.
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